This paper concerns forced surface waves on an incompressible, inviscid fluid in a two-dimensional channel with nonzero surface tension on the free surface and a small bump on a horizontal rigid flat bottom. It is known that if non-dimensional wave speed, called Froude number, is near 1 and a non-dimensional surface tension, called Bond number, is near 1/3, the KdV theory fails and a time dependent fifth order KdV equation, called the Kawahara equation, can be derived to study the wave motion on the free surface. In this paper both time independent and time dependent forms of the Kawahara equation with a forcing are studied numerically and theoretically and various numerical results are presented.
Introduction
The capillary-gravity waves on a two-dimensional fluid flow of finite depth have been investigated since nineteenth century. We consider the fluid of constant density, which is incompressible, inviscid and bounded above by a free surface and below by a rigid bottom with a small bump. Let h and C be the depth of fluid at infinity and the speed of the flow far upstream, respectively. Let ρ be the density of the fluid and T be the surface tension coefficient on the free surface. In this case, the wave on the free surface is determined by two non-dimensional constants: non-dimensional wave speed, called Froude number F = C/ √ gh, and non-dimensional surface tension, called Bond number τ = T/(ρgh 2 ), where g is the gravitational constant.
If F is not near 1, linear theory is applicable [14] . However, for F near 1, nonlinear theory must be developed. Nonlinear surface waves over a flat bottom (no bump) have been studied experimentally and theoretically. After non-dimensionalizing the problem, a Korteweg-de Vries (KdV) equation, was derived to approximate solutions of the exact equations when Froude number near 1 but Bond number is not near 1/3. ( [5, 7, 8, 11, 12, 17] and references therein). However, when shallow fluid is considered, the effect of surface tension should not be neglected. In particular, if τ is near 1/3, the formal derivation of the KdV equation is not valid and if F = 1 + λ 1 2 and τ = (1/3) + τ 1 with > 0 a small parameter, then the following model equation, called the Kawahara equation, can be derived [10] η t + λ 1 η x − (3/2)ηη x + (τ 1 /2)η xxx − (1/90)η xxxxx = 0,
(1) x ∈ (−∞, +∞) , t > 0 .
If only steady waves are considered, (1) becomes 2λ 1 η − (3/2)η 2 + τ 1 η xx − (1/45)η xxxx = 0 , x ∈ (−∞, +∞) ,
where η → 0 as x → −∞. The solutions of (2) have been extensively studied in [1, 2, 3, 4, 9, 13, 15] . According to the eigenvalues of the corresponding C79 linearised equation of (2), for different λ 1 and τ 1 the phase spaces of solutions of (2) can be characterised [1, 2, 3, 4, 9, 13, 15] .
In this article, we consider steady and unsteady surface waves generated by a small bump placed on a flat bottom to study the effects of variations of bottom surface to the fluid motion in the case that the Froude number F is near 1 and the Bond number τ near 1/3. We assume that b(x) is a non-dimensional function related to the bump. Then, by a similar derivation, (1) becomes the forced Kawahara equation (F-Kawahara)
This paper first considers steady solutions of the F-Kawahara equation (3) theoretically and numerically, i.e, the solutions of the following equation,
Assume that the function b(x) is even in x with a semi-circular shape, and if τ 1 is fixed, then λ 1 < 0 is the only parameter that varies. For each large value of λ 1 < 0, there exists one single-hump solution η s of (4), where the amplitude of η s is small [6] . The solutions decay to zero exponentially at infinity. Equation (2) has many single or multi-hump solutions [4] , which makes one wonder whether there are solutions of (4) near these solutions of (2) . A numerical shooting method is used to find the solutions of (4) numerically. If τ 1 is fixed, we show numerically that there are no solutions of (4) for small λ 1 < 0. Moreover, there exists a cut-off value λ 0 < 0 such that for λ 1 < λ 0 there exist exactly two branches of symmetric single-hump solutions of (4). As λ 1 < 0 becomes large, one branch of solutions has small amplitude, which are η s from the rigorous existence proof [6] , while another branch of solutions, denoted by η , has large amplitudes, which are near the single-hump solutions obtained in [4] . We also find numerically that there are many multi-hump solutions of (4) for λ 1 < 0 not small. The hydraulic fall solutions, which are zero ahead of the bump and period-free behind the C80 bump, are also found numerically. These hydraulic fall solutions occurs as the limiting solutions of periodic solutions.
Next, for the time-dependent equation (3), we consider the initial value problem (IVP) of equation (3) with an initial condition η(x, 0) = η 0 (x).
Using (3) with η(x, 0) we find numerically that the solution η s of (4) is numerically stable and the large single-hump solution η is unstable under nonzero small perturbations. We also show numerically that hydraulic fall solutions are stable but multi-hump solutions of (4) are unstable.
Derivation of approximate model equations
We consider two-dimensional capillary-gravity surface waves on a fluid flow of constant density. The fluid is assumed to be incompressible and inviscid, and bounded above by a free surface and below by a bump of compact support on a rigid horizontal bottom.
The Cartesian coordinate (x * , y * ) is chosen such that x * -axis is aligned along the longitudinal direction and y * -axis is the vertical direction opposite to the gravity. Then the governing equations and boundary conditions of the fluid motion are [14] : in the fluid region, u *
at the free surface y * = η * ,
is the velocity vector, ρ * is the constant density of the fluid, y * = η * (x * , t * ) is the equation of the free surface, p * is the pressure, and g is the gravity constant. Here, b * (x * ) stands for the bump of finite support on the rigid horizontal bottom, h is the depth of the fluid at far upstream, and T is the surface tension coefficient on the free surface.
To non-dimensionalise, the following dimensionless variables are used:
where L is the horizontal length scale.
In terms of the above non-dimensional variables and by assuming that u, v, p and η possess an asymptotic expansion of the form
, boundary conditions and a system of differential equations for successive approximations are obtained according to the order of . Then, by solving the resulting equations with the assumptions that η(−∞) = η x (−∞) = η xx (−∞) = η xxx (−∞) = 0, the following F-Kawahara equation is derived when τ = 1/3 + τ 1 . The details of this derivation are given in [6] .
In the following, we will study the solutions of (3) theoretically and numerically.
3 Steady F-Kawahara equation for λ 1 < 0
In this section, we consider the steady F-Kawahara equation (4) and its solutions that tend to zero at both plus and minus infinity. Integrating (4) from −∞ to x with η(−∞) = η x (−∞) = η xx (−∞) = η xxx (−∞) = 0, we obtain
In the following, we assume that b(x) is even function of x and has a compact support.
First, we consider the linear equation
If λ 1 > 0, there are two real eigenvalues and two purely imaginary eigenvalues, which corresponds to a saddle-center phase space. If λ 1 < 0, then there are three cases: for −(τ 1 /2) 90/|λ 1 | < −2, there are four real eigenvalues; for −2 < −(τ 1 /2) 90/|λ 1 | < 2, there are two pairs of complex conjugate eigenvalues; for −(τ 1 /2) 90/|λ 1 | > 2, there are two pairs of purely imaginary eigenvalues. When λ 1 < 0 and −(τ 1 /2) 90/|λ 1 | −2, there is a unique solitary-wave solution decaying exponentially at infinity [4] . For λ 1 < 0 and −2 < −(τ 1 /2) 90/|λ 1 | < 2, there are infinitely many solutions with exponentially decaying oscillations at infinity [4] . Based upon these linear and nonlinear results, we will only consider the case with λ 1 < 0, because non-decaying oscillations at infinity for λ 1 > 0 may generate infinite energy for the solutions of time-dependent equations that seems not physically relevant. Hence, we assume that λ 1 < 0 in the followings. For −(τ 1 /2) 90/|λ 1 | < 2, for fixed τ 1 there exists a solution η of (6) which converges to zero as x → ±∞ if λ 1 < 0 is large [6] .
Symmetric steady solutions
Since in general we can not prove the existence of solutions of (6) near the nontrivial solutions of (2) found in [4] , in the following, we use a numerical shooting method to find symmetric solutions of (6) when b(x) is given by b(x) = (1 − x 2 ) 1/2 for |x| 1 and b(x) = 0 for |x| > 1.
The numerical method for calculating the solutions of (2) was carefully discussed in [4] . Here, we use a different shooting method for finding the numerical solutions of (6). We start with an initial value problem with the equation (6) and initial conditions η(−1)
, where the condition on η (−1) is derived from the zero condition of the solution at −∞. Then, for a fixed α 0 , we use an initial choice of (β 0 , γ 0 ) and apply the Runge-Kutta method to find the solution of the initial value problem, which gives f 0 (β 0 , γ 0 ) = η (0) and g 0 (β 0 , γ 0 ) = η (0) (of course, with some bad choice of α 0 , β 0 , γ 0 , the solution may blow up before reaching x = 0). Then, we apply Newton's iteration to find β 0,n+1 and γ 0,n+1 until max(|f 0 (β 0,n+1 , γ 0,n+1 )|,|g 0 ( β 0,n+1 , γ 0,n+1 )|) < 10 −6 , where f 0 and g 0 are found using the Runge-Kutta method. After finding β 0 , γ 0 , we use the initial condition with this (α 0 , β 0 , γ 0 ) to calculate the solution further for x = 100 and make sure the solution approaching to zero by varying α 0 . Then, from the evenness of the solution, the solution of (6) can be numerically obtained for x ∈ [−100, 100].
By the shooting method discussed above, we fix the value of τ 1 and let λ 1 < 0 vary so that the condition −(τ 1 /2) 90/|λ 1 | < 2 is satisfied. In our calculation, τ 1 = 0.3 and τ 1 = −0.3 are used.
From numerical computations, we find that two types of symmetric singlehump solutions and the solution branches are connected, which are shown in Figure 1 . The top branch is for η s and the lower one is for η . Here, η s stands for small symmetric one-hump solution near zero and η is the larger symmetric one-hump solution. There are no single-hump solutions for Moreover, since (2) has infinitely many solutions for λ 1 = −2, τ 1 = ±0.3, we expect that there would be other solutions of (6) that are near solutions of (2). Indeed, there exist many different types of solutions of (6), some of which are given in Figure 3 and Figure 4 . Two-hump solutions and four-hump solutions are found numerically for τ 1 = −0.3 and three-hump and five-hump solutions are found numerically for τ 1 = 0.3. Figure 3 shows two-hump solution and four-hump solutions and three-hump solution and five-hump solutions are given in Figure 4 .
In Figure 5 , the bifurcation curves for two-hump solutions and three-hump solutions are provided. The two-hump solutions only exist for λ 1 < −1.027 for τ 1 = −0.3 and the three-hump solutions exist for λ 1 < −0.926 for τ 1 = 0.3. 
Hydraulic fall solutions
For −τ 1 90/|λ 1 |/2 > 2, symmetric steady solutions of (6) could not be found but hydraulic fall solutions were found numerically as the limiting solutions of bounded periodic wave solutions. To find hydraulic fall solutions of (6) we solve (6) by the Runge-Kutta Method with the assumption η = 0 for (−∞, −1). The numerical results are given in Figure 6 and Figure 7 . For a given τ 1 there exists corresponding critical λ c less than which bounded solutions exist. If λ 1 > λ c the solution becomes unbounded. The hydraulic fall solution is obtained when λ 1 = λ c . We note that hydraulic fall solutions appear numerically for τ 1 < −0.83. The relation between τ 1 and λ c is given in Figure 6 . Figure 7 shows a typical hydraulic fall solution and a typical bounded solution for τ 1 = −4 respectively. 
Stability of steady-state solutions and time evolutions of zero wave
In this section, we first consider the stability of the steady-state solutions found in Section 3 numerically. It has been noted that there are many different types of steady solutions. However, in real physical situations, only stable solutions can be observed. The global well-posedness of the initial value problem for arbitrary initial condition η 0 (x) in H 2 (R) and stability analysis has been carried out rigorously by Choi, Whang, and Sun in [6] and the solution of (3) with η(x, 0) in H 2 (R) exists for t ∈ [0, +∞). In the following, we investigate the numerical stability of steady-state solutions in Subsection 4.1. In Subsection 4.2, we investigate the time evolutions of zero wave.
Numerical stability of steady-state solutions
In this subsection we investigate numerically the long-time behavior of solutions of (3) for the initial conditions η(x, 0) near the steady-state solutions of (6) obtained in Section 3, where the forcing term b(x) is the one used in Section 3. To find the solutions of the IVP (3) with η(x, 0) numerically, we use a generalised Crank-Nicolson scheme to discretise the temporal variable and we apply the discretised fast Fourier transform method for the spatial variable. For the spatial variable, we use the periodic boundary conditions. For more detailed discussion on this method, see the book by Trefethen [16] . The interval considered in the numerical calculation is −100 x 100. The temporal and spatial steps are 10 −4 and 10 −2 , respectively. For the computation of the fast Fourier transforms, MATLAB software was used.
As was pointed out in Section 3, it is known that for a fixed τ 1 = −0.3 there is a cut-off value λ 0 ∼ −1.446 for λ 1 such that there are two symmetric singlehump solutions η s and η of (6) for each λ 1 < λ 0 and no steady single-hump solutions for 0 > λ 1 > λ 0 . Also, there are many multi-hump solutions for certain values of λ 1 < 0. We numerically study the stability and instability of these solutions. When the initial data η(x, 0) is close to either η s or η , the behavior of solution of (3) with η(x, 0) is investigated as time evolves.
First, let us consider the stability of η s . In Subsection 4.2, we know that for large λ 1 < 0, η s is stable. The numerical results of (3) for this case are obtained when the initial conditions η(x, 0) are taken as η s plus small computer noise. The numerical results are given in the first figure of Figure 8 . The figure shows the time evolution of the solution when λ 1 = −2 and τ 1 = −0.3. As is shown in the figures, when time tends to infinity, the solutions converges to η s . Here, the actual numerical computation is accomplished for −100 x 100. The same phenomena happen for all values of λ 1 such that η s exists.
The instability of η for (3) is shown in the second figure of Figure 8 . The initial conditions are chosen as η plus computational noise with a 5% perturbation. The time evolution of the solution of (3) in this case for λ 1 = −2 and τ 1 = −0.3. When the total perturbation is positive, the amplitude of the solution becomes larger as time increases and a traveling single-hump wave is generated after a certain time and moves to the downstream. As time evolves, the traveling single-hump wave propagates apart from the bump and the small steady solution η s appears above the bump, which is stable. Moreover, if the total perturbation is negative, the same phenomenon holds except that the traveling single-hump wave moves to the upstream. Such phenomena happen to all cases of λ 1 for which η exists. Thus, for each λ 1 < λ 0 < 0, a traveling single-hump wave is generated after a certain time and moves to upstream or downstream and a stable wave with small amplitude appears over the top of the bump.
The instability of five-hump solutions for (3) is shown in Figure 9 . The initial conditions are chosen as the five-hump solution obtained in Section 3 plus 5% noise. In this case for λ 1 = −2 and τ 1 = −0.3. It can be seen that the five-hump solution is unstable, although it may stay in its position for a quite some time. We note that the instability of other multi-hump solutions similar to that of five-hump solution.
The time evolution of the hydraulic fall solution is also given in Figure 10 . The initial condition is given as the hydraulic fall solution in Section 3. With computational noise and 5% perturbation, as time tends to infinity, the solutions converges to the hydraulic fall solutions. The same phenomena happen for all values of λ 1 such that hydraulic fall solution exists.
Time evolution of the zero wave
In this subsection numerical solutions of (3) subject to the initial condition η(x, 0) ≡ 0 are considered, where the forcing term b(x) is the one used in Section 3. The behaviours of the solutions are different for different values of τ 1 and λ 1 . For a fixed τ 1 there exists corresponding critical λ c such that if 0 > λ 1 > λ c a trail of solitary waves are generated and move upstream. If 0 > λ c > λ 1 the solution converges to steady one-hump solution as time t tends to infinity. Figure 11 shows the time evolution of the solution of zero wave for τ 1 = 0.3 with λ 1 = −1 and λ 1 = −0.8. The relation between τ 1 and λ c is given in Figure 12 .
Conclusion
In summary we consider physical problem of flow past a positive, symmetric body at the horizontal bottom of a fluid with surface tension at the free surface. The derivation of the forced KdV fails when Bond number τ is near 1/3 and the following F-Kawahara equation is obtained.
η t + λ 1 η x − (3/2)ηη x + (τ 1 /2)η xxx − (1/90)η xxxxx = b x /2, x ∈ (−∞, +∞) , t > 0, which describes the long wave approximations of the solutions of exact equations for a two dimensional fluid in the critical cases that the upstream Froude number F = C/(gH * ) 1/2 is near 1 and Bond number τ is near 1/3. The F-Kawahara equation possesses various types of steady-state solutions. Two parameters appear in the equation and can affect its solution behaviour. One is the parameter λ 1 , a measure of the deviation of the flow speed at far upstream from the 1, and the other is the difference τ − 1/3 = τ 1 . Mathematically different types of steady solutions which may appear in different regions of the λ 1 -τ 1 plane were discovered and their numerical stabilities were also studied. One may expect that only stable solutions are observable in nature
